We investigate the N = 2 superconformal index for supersymmetric quiver Chern-Simons theories with large N gauge groups. After general arguments about the large N limit, we compute the first few terms in the series expansion of the index for theories proposed as dual theories to homogeneous spaces V 5,2 , Q 1,1,1 , Q 2,2,2 , M 1,1,1 , and N 0,1,0 . We confirm that the indices have symmetries expected from the isometries of dual manifolds. *
Introduction
The field-operator correspondence is an important prediction of AdS/CFT [1] . It claims a one-to-one correspondence between gauge invariant operators in a conformal field theory and excitations in the dual geometry including supergravity Kaluza-Klein modes and extended objects. It is, in general, difficult to compute the operator spectrum on the gauge theory side due to quantum corrections. However, in supersymmetric theories, it is often possible to obtain exact results even in the strong coupling region. For example, in many superconformal field theories, we can exactly compute superconformal index, which has rich information of the BPS spectrum. The agreement of the superconformal index on both sides of the duality provides a strong evidence for the duality.
The N = 1 superconformal index for four-dimensional gauge theories is used as a test of AdS/CFT correspondence for N = 4 supersymmetric Yang-Mills theory in [2] . The agreement of indices on both sides was confirmed to leading order in the large N limit. It has been extended to theories with less supersymmetries [3, 4, 5, 6, 7, 8, 9, 10] .
Indices are also applied for analysis of AdS 4 /CFT 3 . For the ABJM model [11] the N = 2 superconformal index is computed in the perturbative sector [12] , which does not contain monopole operators. It is confirmed that the gauge theory index agrees with that on the gravity side. This analysis is extended into monopole sectors in [13] , and the agreement is again confirmed. Similar analysis is performed for N = 3, 4, 5 Chern-Simons theories in [14, 15, 16] .
The N = 2 superconformal index is defined by [12] I(x, z i ) = tr (−1)
where the trace is taken over local gauge invariant operators. Q is a nilpotent supercharge, which is used for the localization. ∆, j 3 , and F i are the dilatation, the third component of the spin, and flavor charges. Our choice of Q is such that it has the quantum numbers ∆ = +1/2, R = +1, and j 3 = −1/2. Only BPS states saturating the BPS bound
contribute to the index. Therefore, it does not depend on x ′ appearing on the right hand side in (1) .
In the previous works the canonical conformal dimension of fields are assumed in computations of the index by using the localization technique. This is the case for N ≥ 3 Chern-Simons theories because of non-abelian R-symmetry. It is recently extended to N = 2 superconformal field theories with arbitrary R-charge assignments [17] . The purpose of this paper is to rewrite the formula in [17] in a form applicable to large N quiver Chern-Simons theories, and to compute the index for some examples of quiver Chern-Simons theories which are proposed as dual theories to homogeneous 7-dimensional Sasaki-Einstein manifolds (SE 7 ) V 5,2 , Q 1,1,1 , Q 2,2,2 , M 1,1,1 , and N 0,1,0 . See [18] and references therein for geometric properties of these manifolds.
We consider N = 2 superconformal quiver Chern-Simons theories with the gauge group of the form
and chiral multiplets belonging to bi-fundamental representations. In §10 we also introduce flavors, chiral multiplets belonging to (anti-)fundamental representations.
We denote the Chern-Simons levels by k A . Namely, the action of the theory contains the Chern-Simons terms
In any example of Chern-Simons theory proposed as a dual to M-theory in a background AdS 4 ×SE 7 , monopole operators play an important role. For the gauge group (3), we can define n G conserved magnetic charges of an operator by
where F A is the U (N ) A gauge field strength, and the integration is taken over a sphere enclosing the insertion point of the operator. m A is the monopole charge associated with U (1) A , the diagonal subgroup of U (N ) A . In theories without flavors, the magnetic charges are constrained by Gauss' law constraint
The constraint (6) decreases the number of independent magnetic charges by one, and we have n G − 1 independent magnetic charges. If the theory has the gravity dual, there should exist corresponding n G − 1 charges on the gravity side, too. In particular, monopole operators with the charge of the form
are known to correspond to Kaluza-Klein modes carrying momentum m diag along the eleventh direction on the gravity side. We call such operators diagonal monopole operators. We need to assume
for the existence of diagonal monopole operators. The inclusion of diagonal monopole operators is essential for the emergence of the eleventh direction. The supergravity Kaluza-Klein spectrum in AdS 4 ×SE 7 is expected to agree with the spectrum of operators on the dual conformal field theory only if we include both perturbative operators consisting of elementary fields and diagonal monopole operators. The purpose of this paper is to obtain non-trivial evidences for this agreement by using the N = 2 superconformal index (1). If n G ≥ 3, we also have non-diagonal monopole operators whose charge is not in the form (7) . Such non-diagonal monopole operators correspond to M2-branes wrapped on two-cycles in SE 7 [19] . When there exist BPS configurations of wrapped M2-branes, we should take account of them when we compute the index on the gravity side. This is the case in N = 4 Chern-Simons theories, whose dual geometries contain vanishing two-cycles [15] . M2-branes wrapped on such shrinking cycles contribute to the index. However, in examples we will consider in this paper all internal spaces do not have vanishing two-cycles. Non-vanishing two-cycles in SE 7 are non-BPS [20] , and they should decouple in the computation of the index. Unfortunately, we have not succeeded in proving this decoupling on the gauge theory side, and in this paper we simply ignore the contribution of the non-diagonal monopole operators. In flavored theories, there may exist operators whose magnetic charges do not satisfy the constraint (6). We also ignore such operators, and we focus only on operators with diagonal magnetic charges.
We rely on a numerical method to obtain the index as the series expansion with respect to x. We compute the index in all examples up to the order of x 2 . This is mainly because it takes much longer time to obtain higher order terms than O(x 2 ). This paper is organized as follows. In the next section, we write down the formula derived in [17] in the case of quiver Chern-Simons theories without flavors. In §3 and §4 we take the large N limit and derive a formula for the index for vectorlike theories. We apply it to a theory proposed as a dual theory to V 5,2 in §5, and confirm that the index has the symmetry which is expected from the isometry of V 5,2 . In §6 we comment on the factorization of the index for chiral theories. We compute index for theories dual to Q 1,1,1 , Q 2,2,2 , and M 1,1,1 in §7, §8, and §9, respectively. We again confirm that in all cases the index has desirable symmetry. In §10 we extend the formula to theories with flavors, and in §11 we apply it to a theory dual to N 0,1,0 . The last section summarizes the results.
Formula for the index
The index (1) can be defined as the path integral of the theory in the background S 1 × S 2 with appropriate boundary conditions. A formula for the index (1) is derived from this path integral with the help of localization method associated with the supercharge Q [13, 17] . If we deform the action by appropriate Q-exact terms, the path integral is localized at saddle points corresponding to GNO monopoles [21] , which are Dirac monopoles for the Cartan part of the gauge group G. The magnetic charge of a GNO monopole is specified by a set of rank G = n G N integers, defined by
where F A,i is the i-th diagonal component of the U (N ) A gauge flux F A . The conserved charges defined in (5) are related to m A,i by
Note that m A,i are not conserved quantities, unlike m A . We should regard them as integers labeling saddle points dominating the path integral. In addition to the monopole charges m A,i , saddle points are also labeled by holonomy, denoted by a, which is the Wilson line around the S 1 . Namely, the saddle points form continuous sets in the configuration space. m and a take values in the Cartan part of the Lie algebra of the gauge group G.
We need to sum the contribution over all the saddle points. Let us denote this summation in a symbolic way by m da.
m is the summation over all independent magnetic charges. Here m means a set of n G N magnetic charges m A,i . We regard two magnetic charges transformed to each other by the Weyl Group of G as being equivalent. By using this equivalence, we arrange the components of monopole charges in descending order in the set of N components for each U (N ) gauge group. da is given by
We pick up a component of a corresponding to a U (1) subgroup of U (N ) A by applying a weight ρ ∈ N A , where N A is the fundamental representation of U (N ) A .
(stat) is a numerical factor defined in the following way. Let us focus on one of U (N ) factors. In general, it is broken by the magnetic flux m to its subgroup in the form
The order of the Weyl group of this unbroken symmetry is i N i !. The statistical factor appearing in (12) is the product of this number for all U (N ) factors. The trace in the definition of the superconformal index (1) represents the summation over all multi-particle states in S 2 , including single-particle states and the vacuum state. To compute the index (1), it is convenient to define the letter index
The letter index is defined for each monopole background, and the summation in (14) is taken over all single particle states on a GNO monopole background. The states summed over in (14) in general have non-vanishing gauge charges. We use the Wilson line a as a chemical potential for the gauge charges. Once we obtain the letter index, the index for excitations including arbitrary number of particles is given as the plethystic exponential of the letter index
We also need to take account of the quantum numbers of the vacuum state, which are obtained by summing up the zero-point contribution of all single-particle states summed in (14) . (Usually they diverge and we need suitable regularizations.) This is expressed in the form
We call this a prefactor. x ǫ0 , z q0i i , and e ib0(a) correspond to the zero-point energy, zero-point flavor charges, and zero-point gauge charges, respectively, carried by the vacuum state. S CS is the classical contribution from Chern-Simons terms (4),
and has the effect of shifting gauge charges of the vacuum state. We obtain the complete superconformal index by summing up the contribution of all saddle points [13, 17] ,
The integral over the continuous parameter a picks up only the contribution of gauge invariant states. The explicit form of the letter index f is given in [13, 17] . It is the sum of the vector multiplet contribution f vector and the chiral multiplet contribution f chiral . For a quiver gauge theory with gauge group (3) and bi-fundamental chiral multiplets, they are given by
ΦAB is the summation over all bi-fundamental fields. To indicate that a chiral multiplet Φ belongs to (N A , N B ) , we use the notation Φ AB .
With an appropriate regularization, we obtain the zero-point contributions [13, 17] 
For vector-like theories, b 0 (a) identically vanishes.
Large N limit and the factorization
The prediction of field-operator correspondence in the large N limit is expressed as
where I(x, z i ) is the superconformal index (18) given in the last section and I sp is a supergravity single-particle index, which represents the spectrum of one-particle states on the gravity side.
In the large N limit, the formula (18) includes an infinite number of integrals. These integrals are treated in the following way. We first factorize the index into three parts [13, 17] ,
The factors I (+) and I (−) depend only on magnetic charges m (+) and m (−) , respectively, while the other factor I (0) is independent of magnetic charges. m (±) are positive and negative part of m. For example, if the gauge group is G = U (5) 3 and m has the components m = (2, 1, 0, −2, −3; 1, 0, 0, 0, 0; 3, 0, 0, 0, −1),
then the positive and negative parts are
We represent these with Young diagrams as
Because we focus only on diagonal monopole operators as we mentioned in Introduction, the summation with respect to m (+) in (25) is taken over all monopole charges satisfying (7). For example, in the case of gauge group U (N ) 2 and Chern-Simons levels (k, −k), it is
The first term I (+) (·,·) is always 1. I (−) is also given as a similar series. Once we obtain a formula in the form (25), we can calculate the index numerically with computers as an x expansion. The aim of this and the next section is to rewrite the formula given in the last section into this factorized form in the case of large N quiver Chern-Simons theories.
Corresponding to the decomposition of m into m (±) (and the remaining part consisting of vanishing components), we decompose a into three parts. For example, if m is given by (26) , the three parts of a = (a 1,1 , a 1,2 , . . . , a 3,5 ) are
Namely, if m A,i is zero (positive, negative), the corresponding element a A,i belongs to
). In the large N limit, we keep the number of non-vanishing components of the magnetic flux to be order 1, while the number of components of a (0) grows as O(N ). It is necessary to perform the integration over a (0) analytically, before we rely on the numerical computation. We follow the prescription given in [13] . We first decompose the letter index into two parts. Let us first consider f chiral . It takes the form
We define f 
An important property of f mod chiral is that it vanishes unless ρ(m) and ρ ′ (m) are both positive or both negative. Thanks to this property, we can further decompose f mod chiral into positive part f (+) chiral and negative part f vector by
vector do not depend on a (0) . If we assume that the theory is vector-like, the prefactor does not depend on a (0) , either. Components of a (0) appear in the integrand of (18) only through
we can rewrite f ′ in the quadratic form of λ A,n ,
M A,B is the matrix whose components are read off from (40) . The exponential factor in the integrand in (18) is now factorized into three parts,
We use (· n ) for the arguments which are replaced by n-th power of original ones. In (41) it represents (e ina , x n , z n i ). Only the last factor contains a (0) . Because it depends on a (0) only through λ A,n , we can change the integration variables from a
to λ A,n . It is known that the Jacobian factor associated with this variable change is constant if the integral is dominated by the uniform eigenvalue distribution of a (0) . Although the possibility of phase transition to the deconfined phase in a certain example of AdS 3 /CFT 4 is pointed out in [16] , we assume the domination of the uniform eigenvalue distribution. Then λ A,n integrals become the Gaussian integral,
Assuming the factorization of the prefactor P = P (+) P (−) , we factorize the index into three parts as (25) , and I (±) are given by
For each m (±) , this contains a finite number of integrals. The remaining task is to show the factorization of the prefactor P .
Factorization of the prefactor
Let us prove the factorization of the prefactor P in (16). Here we assume that the theory is vector-like and b 0 (a) identically vanishes. The prefactor then consists of three factors,
We easily see the factorization of the first factor,
To show the factorization of x ǫ0 and z q0i i , we follow the prescription we used for the letter index. We define ǫ contain the factor
and this is non-vanishing only when ρ(m) and ρ ′ (m) are both positive or both negative. We can decompose ǫ mod 0 and q mod 0i into positive and negative parts,
We rewrite ǫ ′ 0 and q
where β A and η A,i are defined by
Φ∈A represents summation over bi-fundamental fields coupled by the U (N ) A gauge field. If there are U (N ) A adjoint chiral multiplets, they should be taken twice. It is obvious that we can divide (49) and (50) into positive and negative parts depending only on m (+) and m (−) , respectively. In the four-dimensional N = 1 supersymmetric quiver gauge theory described by the same quiver diagram, β A and η A,i are the coefficients of the NSVZ exact β-functions [22, 23, 24] of SU (N ) A gauge groups and the coefficients of the tr U (1) Fi SU (2) 2 A anomaly, respectively. These quantities should vanish if the fourdimensional theory is conformal and the flavor-symmetries are anomaly free. Of course they do not have to vanish in three dimensional theories. It is not clear why the exact β-functions and the anomaly coefficients appear here. It may be interesting to consider physical implication of the appearance of such quantities in three-dimensional gauge theories. vanish for diagonal monopole operators. In this case I (+) is given by
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is the homogeneous space defined as the coset
and has the isometry
The cone over this manifold is the non-compact Calabi-Yau 4-fold
The SO(5) isometry is the rotations mixing five variables v i , while SO(2) is the simultaneous phase rotation of v i . A dual Chern-Simons theory for V 5,2 is proposed in [25] . It is the vector-like quiver gauge theory shown in Fig. 1 . The superpotential Figure 1 : The quiver diagram of a Chern-Simons theory dual to
The manifest global symmetry of this theory is
where SU (2) rotates A i and B i simultaneously as doublets, and U (1) B is the baryonic symmetry.
1 Let F 1 and F 2 be the generators of the SU (2) Cartan and U (1) B , respectively. The charge assignments of these flavor symmetries and the R-charge assignment determined by assuming the marginality of the terms in the superpotential are shown in Table 1 . For general k, this theory is dual to V 5,2 /Z k where Z k is generated by the rotation of two-dimensional complex vectors (v 2 , v 3 ) and (v 4 , v 5 ) by angle 2π/k. For k = 2, the SO(5) factor of the isometry is broken to O(4), and for k ≥ 3 to SU (2) × U (1). 1 The baryonic symmetry in a quiver Chern-Simons theory is the symmetry generated by B ∝ n G A=1 k A T A where T A are the generators of U (1) A . We include the baryonic symmetry in flavor symmetries. Table 1 : Charge assignments of R and flavor symmetries for the theory in Fig. 1 are shown.
Due to the manifest SU (2) symmetry, the index satisfies the relation
corresponding to the Weyl group of SU (2). If we apply the charge conjugation to this theory by reversing the direction of all arrows in the quiver diagram, we obtain the theory with A i and B i exchanged. This implies the relation between I (±) ,
and the complete index satisfies
In the case of k = 1, the dual geometry is V 5,2 , and the flavor symmetry SU (2)× U (1) B is expected to be enhanced to SO (5) . If so, the index should be invariant under the Weyl group of SO(5). This means that the index should satisfy
in addition to (59) and (61). Let us confirm that this is actually the case by computing the index. The neutral part of the index up to the order of x 2 is
where χ s is the SU (2) character,
I (0) encodes the spectrum of gauge invariant BPS operators constructed by bifundamental fields. We can easily confirm that this satisfies (59) and (61).
There are six contributions to the positive part of the index I (+) up to the order of x 2 ,
Monopoles with mixed charges like ( , ) also contribute to the index, but they give only higher order terms. For example,
By summing up these and the trivial contribution I (+) (·,·) = 1, we obtain
is obtained from this by the relation (60) as
Taking the product of (63), (72), and (73), we obtain the index,
This is invariant under the exchange of z 1 and z 2 , and thus invariant under the SO(5) Weyl group. We can expand (74) by SO(5) characters,
where χ
SO(5)
(a1,a2) is the character of the representation with Dynkin label (a 1 , a 2 ). Our convention is such that (1, 0) and (0, 1) represent the spinor and the vector representations and the corresponding characters are
When we study the relation of this index to the Kaluza-Klein spectrum in the dual geometry, we should compare this index to the multi-particle index. The multiparticle index I and the corresponding single particle index I sp on the gravity side are related by (24) . The single particle index for (75) is
Let us next consider k = 2 case. I (0) does not depend on the Chern-Simons levels, and is given by (63) again. Only non-vanishing contribution to I (+) up to x 2 is
We obtain I by the same way as the k = 1 case,
(79) The corresponding single particle index is
This is consistent with the result (77) for k = 1. The dual geometry for k = 2 is V 5,2 /Z 2 . Corresponding to the Z 2 orbifolding, (80) is obtained from (77) by projecting away non-invariant terms under z 2 → e 2πi z 2 . Still the index is invariant under the exchange of z 1 and z 2 because of the O(4) symmetry of the orbifold V 5,2 /Z 2 . In k = 3 case, I (0) is the same as above, and non-vanishing contribution to I
The multi-particle and single-particle index are
Again, the single particle index is obtained from (77) by taking invariant terms under z 2 → e 4πi/3 z 2 . Now we have no symmetry between z 1 and z 2 . This is consistent with the fact that the isometry group of V 5,2 /Z k with k ≥ 3 is the same as the manifest global symmetry (58) of the Chern-Simons theory.
Factorization in chiral theories
In Section 4 we proved the factorization of the prefactor on the assumption that the theory is vector-like and b 0 (a) given in (23) identically vanishes. In general this is not the case and we should treat b 0 (a) carefully. In a similar way to what we used for ǫ 0 and q 0i in Section 4 we can decompose b 0 (a) into three parts, . This fact makes the integral with respect to a (0) difficult. In Section 4 we took the advantage of the a (0) independence of the prefactor to change the variables a (0) to λ A,n . We cannot apply the same prescription if the prefactor depends on a (0) .
To avoid this difficulty, we do not take account of contribution of non-diagonal monopole operators. Despite this ignorance of non-diagonal monopole operators, we expect that the index computed below is the complete index. The reason is as follows. As we mentioned in Introduction, non-diagonal monopole operators correspond to M2-branes wrapped on two-cycles. In general, two-cycles in the internal space are non-BPS [20] , and they cannot contribute to the index. In the case of N = 4 Chern-Simons theories the dual geometries contain shrinking two-cycles. M2-branes wrapped on such shrinking cycles give BPS states, and non-vanishing contribution of non-diagonal monopole operators to the index is found [15] . However, in the examples we consider in this paper, there are no such shrinking cycles, and thus all non-diagonal monopole operators are expected to decouple.
For diagonal monopole operators, we can prove the factorization of the prefactor at least for theories described by brane tilings [27, 28, 29] . The chiral theories we discuss in the following are all described by brane tilings. For review of brane tilings, see [30, 31] . See also [32, 33, 34, 35] for application of brane tilings to quiver Chern-Simons theories.
For a diagonal monopole operator with charge m diag , we can rewrite
where n AB is the difference of the number of chiral multiplets in (N A , N B ) and that for (N A , N B ),
In a theory described by a brane tiling, the numbers of in-coming and out-going arrows for each vertex are the same. (In the context of four-dimensional quiver gauge theories, this is necessary for the tr SU (N ) 
and thus b ′ 0 (a) vanishes. For the sector of diagonal monopole operators of a theory described by a brane tiling, simplification occurs for ǫ 0 and q 0i , too. In the sector, the relations
hold as we will show shortly, and ǫ 
where n Φ is the number of bi-fundamental chiral multiplets. In a theory described by a brane tiling, each field Φ appears in the superpotential exactly twice. Therefore, to compute Φ ∆ Φ , we sum the Weyl weight of all terms in the superpotential and divide it by two. Because each term in the superpotential has the weight 2, this is the number of terms in the superpotential, n W , and (90) becomes n Φ − n G − n W . In a brane tiling, n G , n Φ , and n W are the numbers of faces, edges, and vertices, respectively, and (90) is nothing but the opposite of Euler's characteristic of the surface on which the tiling is drawn. Because the brane tiling is always drawn on a torus, it always vanishes.
Next, let us consider the second equation in (89). With the definition of η A,i in (52), we obtain
The index I labels terms in the superpotential, and Φ ∈ I means fields contained in the I-th term in the superpotential. In the second equality we again used the fact that every chiral multiplet appears in the superpotential exactly twice. By definition, flavor charges of the superpotential vanish, and the inner summation on the right hand side in (91) vanishes. Therefore the second equation in (89) holds. Combining results in this section, the positive part of the prefactor for diagonal monopole operators is given by
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The coset space
is called Q 1,1,1 , and has the isometry
The last U (1) factor is identified with the R-symmetry. Quiver Chern-Simons theories corresponding to this manifold are proposed in [36] . See also [20, 37] for further investigation. This manifold is toric, and dual theories are described by brane tilings. We first consider the theory shown in Fig. 2 . The arrows on the edges in the brane tiling represent gradient of the edges in the corresponding brane crystal [38, 39, 40] obtained in the way proposed in [35] . The superpotential of the Chern-Simons Figure 2 : The quiver diagram and the brane tiling for a theory dual to
When the Chern-Simons levels are (k, k, −k, −k), the corresponding geometry is Q 1,1,1 /Z k where Z k is a subgroup of the diagonal SU (2) in SU (2) 2 × SU (2) 3 , and break it down to U (1) F × U (1) B . The manifest global symmetry of this theory is
SU (2) is the symmetry acting on A i . Note that the action does not have SU (2) symmetries rotating B i and C i . We define three generators F i (i = 1, 2, 3) of the Cartan part of the flavor symmetry Table 2 : Charge assignments of R and flavor symmetries of the theory in Fig. 2 are shown.
generate U (1) B and U (1) F , respectively. The charge assignments are shown in Table  2 . From only the symmetry of the action and the marginality of the superpotential the R-charges of the chiral fields are not fixed. We have an ambiguity of an unknown parameter h. The index does not depend on h, and we do not need to determine it. The SU (2) symmetry of the action guarantees that the index satisfy
and the index is expanded by SU (2) characters χ s (z 1 ). This theory also has Z 2 symmetry which exchanges B i and C i , and the index satisfies the relation
Another relation follows from the charge conjugation symmetry. If we apply the charge conjugation to the theory, all arrows are reversed and the resulting diagram is obtained by rotating the original one by 180 degrees. This exchanges B 1 and B 2 , and C 1 and C 2 . This implies the relation
and the symmetry of the index,
If the flavor symmetry is enhanced to SU (2) 3 in k = 1 case, I(x, z i ) must have a larger symmetry. It should be invariant under Weyl Group of three SU (2), which inverses three z i independently. We also expect the permutation symmetry among z i . Let us confirm this symmetry enhancement by computing the index in k = 1 case.
The neutral part of the index is
This satisfies (97) and (98). We obtain I (−) by the relation (100), Table 3 : Charge assignments of R and flavor symmetries of the theory in Fig. 3 are shown.
and the charge conjugation gives the relation
We computed the index for k = 1, 2, and we obtain the same results for I (0) , I
and I (−) as the previous theory for Q 1,1,1 . is the same as Q 1,1,1 . Dual Chern-Simons theories for Q 2,2,2 are proposed in [36] . We first consider the theory shown in Fig. 4 . This theory has the superpotential Figure 4 : The quiver diagram and the brane tiling for a theory dual to Q 2,2,2 /Z k .
The first SU (2) acts on A i and C i , and the second on B i and D i . Let F 1 and F 2 be the generators of two SU (2) groups, and F 3 be the generator of the baryonic U (1). The conformal dimensions of fields and the charge assignments are shown in Table  4 . The Weyl group of the flavor symmetry guarantees the relations
We also have
from the charge conjugation symmetry. These generate the Weyl group of SU (2) 3 , but it is non-trivial whether the index respects the permutation symmetry among z i when k = 1. Table 4 : The R-charge assignment and charge assignments of the theory in Fig. 4 are shown.
Let us compute the index for k = 1. The neutral part is
and the only monopole contributions to
The whole index I and the corresponding single particle index I sp are
These have expected permutation symmetry. Because Q 2,2,2 is the Z 2 orbifold of Q 1,1,1 , (119) should be related to (106) by the orbifold projection. The orbifold group Z 2 is generated by e πi(R+2j3) . On BPS operators saturating the BPS bound (2) this parity is equal to e πi(∆+j3) , and flips the sign of x. There is another theory proposed as a dual to Q 2,2,2 [36] . (Fig. 5 ) The superpo- Figure 5 : The quiver diagram and the brane tiling for a dual theory to Q 2,2,2 /Z k are shown.
tential of this theory is
and the manifest global symmetry of the action is
We define F 1 , F 2 , and F 3 as generators of the SU (2) 1 Cartan, the SU (2) 2 Cartan, and U (1) B , respectively. The manifest SU (2) 1 × SU (2) 2 symmetry guarantees the relations
and the charge conjugation guarantees Fig. 5 are shown.
The neutral part is the same as (116), and the only non-vanishing contribution to I (+) up to the order of x 2 is
The indices I and I sp are identical to (118) and (119), respectively.
9 Example 4: M 1,1,1
, which is also often called M 3,2 , is the coset
The U (1) factor is identified with the U (1) R symmetry. A quiver Chern-Simons theory dual to M 1,1,1 is proposed in [32, 33] . It is U (N )
3
Chern-Simons theory shown in Fig. 6 . The superpotential is Figure 6 : The quiver diagram for a theory dual to
where SU (3) rotates A i , B i , and C i simultaneously. U (1) B is the baryonic symmetry acting on B i and C i with opposite charges. We introduce F 1 and F 2 as SU (3) Cartan generators, and F 3 as U (1) B charge. The charge assignments are shown in Table 6 .
Due to the manifest SU (3) symmetry, the index is invariant under the SU (3) Weyl group generated by the relations
(129) 
The contribution of chiral multiplets in (anti-)fundamental representations to the letter index is obtained from (20) by setting ρ ′ = 0 (ρ = 0). The contribution of fundamental representations is
where Φ A0 represents chiral multiplets belonging to the U (N ) A fundamental representation N A . The contribution of anti-fundamental representations is
Φ 0B represents chiral multiplets belonging to the U (N ) B anti-fundamental representation N B (137) and (138) depend on a (0) through λ A,m defined in (39), and we include this contribution to the definition of f ′ . There is no change in the definition of f (±) . Only bi-fundamental fields contribute to f (±) . Let us define V A and W A by
The neutral part of index I (0) is defined by Gaussian integral including (139) in the exponent,
Compared to (42) , (140) has the extra exponential factor. This contributes to the single particle index by
The introduction of flavors changes the zero-point contributions to the energy, the flavor charges, and the gauge charges. The extra contributions are As an example of a theory with flavors, let us consider a flavored ABJM model, which is proposed as a dual theory to N 0,1,0 [42] . N 0,1,0 is the homogeneous manifold defined as the coset
and its isometry is SU (3) × SU (2).
This manifold is hyper-Kähler and respects N = 3 supersymmetry. The SU (2) factor in (146) is the R-symmetry rotating three supercharges. We use only two of them for the localization. The theory dual to N 0,1,0 is defined by adding one vector-like flavor (q, q) to the ABJM model, which has gauge group U (N ) 1 × U (N ) 2 . q and q belong to the fundamental and the anti-fundamental representations of U (N ) 1 . The quiver diagram of this theory is shown in Fig. 7 . The superpotential is 
The introduction of the flavor breaks the N = 6 supersymmetry of the ABJM model to N = 3. Due to the non-abelian R-symmetry SU (2) R the R-charges are protected from quantum corrections and all chiral multiplets have the canonical R-charge 1/2. The manifest global symmetry of the theory is
SU (2) rotates A i and B i as doublets. The dual geometry of this model is N 0,1,0 /Z k . We would like to confirm that the flavor symmetry SU (2) × U (1) B is enhanced to SU (3) in k = 1 case. Let F 1 and F 2 be the generators of SU (2) Cartan and the baryonic symmetry, respectively. The charge assignments are shown in Table 7 . The manifest SU (2) symmetry guarantees the relation I(x, z 1 , z 2 ) = I(x, z −1 1 , z 2 ).
From the charge conjugation symmetry, we obtain the relation
The neutral part I (0) is I (0) = 1 + x(χ 1 (z 1 ) + 2) + x 2 (2χ 2 (z 1 ) + 2χ 1 (z 1 ) + 3) + · · · . The form of the index strongly suggest the enhancement of the global symmetry to SU (3).
Conclusions
We derived a formula of the superconformal index for N = 2 superconformal large N quiver Chern-Simons theories. In the case of vector-like models, we confirmed the factorization of the index into the neutral, the positive, and the negative parts. For chiral theories, the factorization was confirmed only in the sector of diagonal monopole operators. We did not take account of non-diagonal monopole operators on the assumption that they are non-BPS and do not contribute to the index. In this paper, we have not proved this on the gauge theory side. It would be important to analyze the contribution of non-diagonal operators systematically for understanding of the relation between non-diagonal monopole operators and wrapped M2-branes in AdS 4 /CFT 3 .
We applied the formula to some Chern-Simons theories which have been proposed as dual theories to M-theory in homogeneous spaces, V 5,2 , Q 1,1,1 , Q 2,2,2 , M 1,1,1 , and N 0,1,0 . The actions of these theories do not have full global symmetries which exist on the gravity side as isometries of the internal spaces. We computed the index for each theory up to the order of x 2 , and confirmed that it is invariant under the Weyl group of the full symmetry expected from AdS/CF T if we include the contribution of diagonal monopole operators. In other wards, the index is a linear combination of characters of the full symmetry. This result strongly suggests that the global symmetry of the Chern-Simons theory is enhanced to the full symmetry non-perturbatively.
We emphasize that we only confirm the invariance of the index under the Weyl group, and it does not guarantee the enhancement of the continuous symmetry. To obtain more convincing evidences of the symmetry enhancement, we need to compare the index to the result of Kaluza-Klein analysis on the gravity side. Such an analysis is important especially for inhomogeneous Sasaki-Einstein spaces in which we have no symmetry enhancement in general.
